Smooth Structures and Normalized Ricci Flows 
on Non-Simply Connected Four-Manifolds 



A solution to the normalized Ricci flow is called non-singular if it ex- 
ists for all time with uniformly bounded sectional curvature. By using the 
techniques developed by the present authors |14l I26j . we study the exis- 
tence or non-existence of non-singular solutions of the normalized Ricci 
flow on 4— manifolds with non-trivial fundamental group and the rela- 
tion with the smooth structures. For example, we prove that, for any 
finite cyclic group Z^, where d > 1, there exists a compact topological 
4— manifold X with fundamental group Z^, which admits at least one 
smooth structure for which non-singular solutions of the normalized Ricci 
flow exist, but also admits infinitely many distinct smooth structures for 
which no non-singular solution of the normalized Ricci flow exists. 

Related non-existence results on non-singular solutions are also proved. 
Among others, we show that there are no non-singular Z^— equivariant 
solutions to the normalized Ricci flow on appropriate connected sums of 



CP^s and CP^s (d > 1). 

1 Introduction 

The normalized Ricci flow on a closed oriented Riemannian manifold X of di- 
mension n > 3 is the following evolution equation: 



where RiCg is the Ricci curvature of the evolving Riemannian metric g, Sg 
denotes the scalar curvature of g and dfig is the volume measure with respect 
to g. Recall that an one-parameter family of metrics {g{t)}, where t e [0, T) 
for some < T < oo, is called a solution to the normalized Ricci flow if it 
satisfies the above equation for all cc G X and t G [0, T). A solution {g{t)} on a 
time interval [0, T) is said to be maximal if it can not be extended past time T. 
Let us recall the following definition, which was first introduced and studied by 
Hamilton p^[6]: 
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Definition 1. A maximal solution {g{t)}, t G [0,T), to the normalized Ricci 
flow on X is called non-singular if T = oo and the Riemannian curvature tensor 
Rmg{t) of g{t) satisfies 

sup |i?mg(f)| < c». 

Xx[Q,T) 

Hamilton [T3] classified non-singular solutions to the normalized Ricci flow 
on 3— manifolds. Though there are many results on the non-singular solutions in 
higher dimensions n > 4 (cf. [6]), the existence or non-existence of non-singular 
solutions to the normalized Ricci flow is still mysterious in general. In this 
article, we would like to study the case of n = 4. One of special properties in 
dimension 4 is the existence of exotic smooth structures (cf. [71[TD|). By using 
Seiberg-Witten monopole equations [iSIJ, the first author [Tl] pointed out that 
the existence or non-existence of non-singular solutions to the normalized Ricci 
flow on 4— manifolds depends on the choice of smooth structure. However, all 
known results were for the simply connected case. The main purpose of this 
article is to explore the case of non-simply connected 4— manifolds by using the 
techniques developed by the present authors [TH . 

To state our main results precisely, let us briefly recall the definition of the 
Yamabe invariant of any closed oriented Riemannian manifold X of dimension 
n > 3. By the affirmative solution of the Yamabe problem which is due to 
Trudinger, Aubin, and Schoen jTl [511 HH] , every conformal class on any smooth 
compact manifold contains a Riemannian metric of constant scalar curvature. 
For each conformal class [g] = {vg \ v : X ^ we can consider the following 
associated number 

Yr„i mf 



This is called Yamabe constant of the conformal class [g] . Kobayashi ^16j and 
Schoen [25] independently introduced the following invariant of X: 

y{x)^ supr[g], 

la]ec 

where C is the set of all conformal classes on X . This invariant is called Yamabe 
invariant of X. 

It was pointed out in [14] that for any closed oriented smooth 4— manifold X 
with y{X) < 0, the existence of the non-singular solution of the normalized Ricci 
flow on X forces the following topological constraint on the Euler characteristic 
x{X) and signature t{X) of X: 

2x{X) > 3\t{X)\. 

In this article, let us call this the strict generalized Hitchin-Thorpe Inequality. 
Under these notations, the first main result of the present article can be stated 
as follows: 
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Theorem A. For any finite cyclic group := Z/dZ, where d > 1, there exist 
infinitely many pairs 



of compact, oriented, smooth A~ manifolds with fundamental group l^d and sat- 
isfying the following properties: 

1. For any fixed i, any two manifolds in {Xi, Zi^i, Zi^2, • • ■ } o,re homeomor- 
phic, hut no two are diffeomorphic to each other; 

2. Xi satisfies y{Xi) < and there exist non-singular solutions to the the 
normalized Ricci flow on Xi . In particular, Xi satisfies the strict gener- 
alized Hitchin- Thorpe Inequality, i.e., 2x{Xi) > 3|T(Xi)|. 

3. Zi,j also satisfies y{Zij) < and 2x{Zij) > 3\T{Zi,j)\, but there are no 
non-singular solutions to the normalized Ricci flow on Zi_j . 

Moreover, their universal covers, Xi and Zij, satisfy the following proper- 
ties: 

4- Zi,j is diffeomorphic to nCP^^mCP^, where n — 6^(Xi) andm — 

5. Xi and Zij are not diffeomorphic, but they become diffeomorphic after 
taking the connected sum with one copy of CP'^ . 

One of the ingredients needed in the proof of Theorem [X] is an existence 
theorem of complex surfaces of general type with finite cyclic fundamental group, 
which was proved by the second author [26j . 

For suitable infinitely many integers n, m, on connected sums nCP'^fj^mCP'^, 
it was pointed out in [14 that there are infinitely many distinct smooth structure 
for which no non-singular solutions to the normalized Ricci flow exists. In 
particular, such smooth structures have negative Yamabe invariants. On the 
other hand, for the standard smooth structure on nCP'^^mCP^, the Yamabe 
invariant must be positive. In this case, a general obstruction like 2% > 3|t 
to the existence of non-singular solution to the normalized Ricci flow is still 
unknown. Hence, in the case of 3^ > 0, the situation is quite different from 
the case of 3^ < 0. In what follows we endow our manifolds with symmetries 
induced by a group action and we study the equivariant situation. We have the 
following definition 

Definition 2. Let G be a group acting smoothly p : G r\ X on the closed smooth 
A— manifold X . Let t G [0,T),0 <T < oo be a solution of the normalized 

Ricci flow on X. We shall say that {g{t)} is a G— equivariant solution of the 
Ricci flow if the metric g(t) is G-invariant for all t € [0, T). 

We study the special case when G is a finite group acting freely on X. In 
this situation, it is sufficient to stat with a G— invariant initial metric go. The 
second main result of this article can be stated as follows: 
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Theorem B. Let d > 2 be an integer number. For any small 5 > 0, there is 
a positive constant C{S) such that for any integer lattice point {n,m) satisfying 
d/n,d/m and < n < (6 — S)m — C{S), there exist infinitely many, distinct, 
free, smooth Zid-actions on the smooth J^-manifold: 

X := (2to - l)Cp2#(iOm -n- l)CP^ , i.e.{2x + 3r)(X) = n, ^^^{X) = m. 

Moreover, on X there is no non-singular Ijd— equivariant solution to the nor- 
malized Ricci flow, for any of the above "Ld— actions. 

As the quotient manifolds are smooth and have the same topological invari- 
ants, they are homeomorphic according to Theorem [71 The actions of are 
distinct in the sense that the quotient manifolds have distinct smooth structures. 

We also prove related results on non-existence of non-singular solutions to 
the normalized Ricci flow in Section [5] below. 

Acknowledgments. We would like to express our deep gratitude to Claude 
LeBrun for his warm encouragements. The first author is partially supported by 
the Grant-in- Aid for Scientific Research (C), Japan Society for the Promotion 
of Science, No. 20540090. The second author would like to thank the Institut 
des Hautes Etudes Scientifiques for its warm hospitality. 

2 Obstructions to the existence of non-singular 
solutions to the normalized Ricci flow 

Let us introduce the following definition: 

Definition 3 (|14j). A maximal solution {g{t)}, t e [0,r), to the normalized 
Ricci flow on X is called quasi-non-singular if T — oo and the scalar curvature 
Sg(t) of g{t) satisfies 

sup |sg(t)| < oo. 

Xx[O.T) 

Notice that any non-singular solution is quasi-non-singular, but the converse 
is not true in general. 

By using the Seiberg-Witten monopole equations, the following obstruction 
to the existence of quasi-non-singular solutions of the normalized Ricci flow on 
4— manifolds was proved: 

Theorem 1 (|14j). Let X be a closed almost- complex A— manifold with b'^{X) > 
2 and 2x{X) + 3t{X) > 0. Assume that X has a non-trivial integer valued 
Seiberg-Witten invariant SWxi^x) 7^ 0, where Tx is the spin'^ -structure com- 
patible with the almost- complex structure. Let N be a closed, oriented, smooth, 
A— manifold with 6+(iV) = 0. Then, there are no quasi-non-singular solutions 
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to the normalized Ricci flow in the sense of Definition\^ on the connected sum 
M :— X^N if the following holds: 



126i(iV) + 3b- {N) > 2x{X) + 3t{X). 



(1) 



In particular, under this condition, there are no non-singular solutions to the 
normalized Ricci flow in the sense of Definition]^ 

In what follows, we refine this theorem, see Theorem below. To prove our 
result we need to recall the following 

Lemma 2 ([51[T3]). Let X be a closed oriented Riemannian n-manifold and 
assume that there is a long time solution {g(t)}, t £ [0, oo), to the normalized 
Ricci flow. Assume moreover that the solution satisfies |sg(f)| < C and 



where the constants C and c are independent of both x £ X and time t G [0, oo). 

o 

Then, the trace-free part fg^i) of the Ricci curvature satisfies 



This lemma first appeared as Lemma 3.1 in [8] for n = A and unit volume 
solutions. However, it is not hard to see that the same result still holds without 
such assumptions [2]. Notice also that Lemma [D tells us that any quasi- non- 
singular solution to the normalized Ricci flow satisfying ^ must satisfy ([3]). 

By using Lemma [2l Seiberg-Witten monopole equations and the estimates 
of the Yamabe invariant, we can prove 

Proposition 3 (|14j). Let X be a closed almost- complex ^-manifold with b'^{X) > 
2 and 2x{X) -\- 3t(X) > 0. Assume that X has a non-trivial integer valued 
Seiberg-Witten invariant SWxi^x) 7^ 0, where Tx is the spin"^ -structure com- 
patible with the almost-complex structure. Let N be a closed oriented smooth 
4— manifold with b^{N) = 0. If a quasi-non- singular solution to the normalized 
Ricci flow on the connected sum M X^N exists, then 



Sg{t) ■■= minsg(f)(x) < -c < 0, 



(2) 




In particular, when m 00, 






■ m+l 



(4) 



holds when m 



-\-oo. 
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For completeness we sketch the main steps of the proof. Under the assump- 
tions in the proposition, we are able to prove that the Yamabe invariant of the 
connected sum M := X^N satisfies the following bound ([H]): 



y{M) < -47rv/2(2x(X) + 3t(X)) < 0. (5) 

On the other hand, it was also showed in [14 that any solution to the normalized 
Ricci flow on any closed 4— manifold Z with negative Yamabe invariant must 
satisfy 

^s(t) - minsg(t)(a;) < ^== < 0. 

This bound and ([5]) tell us that any quasi-non-singular solution to the normalized 
Ricci flow on the connected sum M :— X^N must satisfy the bound ([2]). This 
observation and Lemma [2] imply Proposition [3l 

We are now in the position to prove a slight refinement of Thcorem[TJ Notice 
that the bound ([6]) below is slightly stronger than the bound ([ij. 

Theorem 4. Let X be a closed almost- complex 4— manifold with b~^{X) > 
2. Assume that X has a non-trivial integer valued Seiberg-Witten invariant 
SWx(rx) 7^ 0, where Tx is the spin'^ -structure compatible with the almost- 
complex structure. Let N be a closed oriented smooth A—manifold with b'^{N) = 
0. Then the following hold: 

1. Suppose that 2x{X) + 3t(X) < 0. Lf Abi{N) + b-{N) ^ holds, then 
there is no quasi-non-singular solution to the normalized Ricci flow on a 
connected sum M :— Xfj^N satisfying Ln particular, there does not 
exist a non-singular solution to the normalized Ricci flow. 

2. Suppose that 2x{X) -\- 3t(X) > 0. Assume moreover that N is not an 
integral homology A— sphere whose fundamental group has no non-trivial 
finite quotient. Then, there do not exist quasi-non-singular solutions to the 
normalized Ricci flow on the connected sum M := XffN if the following 
holds: 



12bi{N) + 'ib-{N)>2x{X) + iT{X). (6) 

In particular, under this condition, there does not exist a non-singular 
solution to the normalized Ricci flow. 

Proof. It is known [8*, 14] that the existence of a quasi-non-singular solution to 
the normalized Ricci flow on a 4— manifold Y satisfying ((2]) forces the bound 
2x0^) > 3|T(y)|. Therefore, if there is a quasi-non-singular solution on M 
satisfying jS]), then 2x{M) > 3|t(M)| must hold. Since 2x{M) + 3t(A/) = 
2x{X) + 3t(X) - Abi{N) - fo~(iV), we have in particular 

2x{X) + 3t{X) > Abi{N) + b-{N). 
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Since we assume that 2x{X)+3t{X) < 0, this bound forces Abi{N)+b-{N) = 0. 
However, this contradicts 4&i(7V) + b~{N) ^ 0. Hence, we showed Case 1. 

In what follows, we prove the second statement. It is shown in [T3] that any 
Riemannian metric g on the connected sum M := X^N satisfies the following 
bound: 

^ r / \ 9 9 



47r2 



(2|T^/P + ^)d^^, > -ciiX) ^ 3 (2x(^) + MX)), (7) 



where W^,Sg are the self-dual Weyl curvature and the scalar curvature of g. 
Moreover, the equality holds if and only if the metric 5 is a Kahler-Einstein 
metric with negative scalar curvature. 

Now, suppose moreover that TV is not an integral homology 4-sphere whose 
fundamental group has no non-trivial finite quotient. Then the equality cannot 
occur in ((T]). We shall prove this as follows. As was already mentioned above, 
notice that the equality case in ([7]) forces the metric g to be a Kahler-Einstein 
metric with negative scalar curvature. In particular, this forces the connected 
sum M :— X^N to be a minimal Kahler surface [11 [33]. On the other hand, 
Theorem 5.4 in [ITj tells us that, if a minimal Kahler surface with 6+ > 1 
admits the connected sum decomposition X^N, then N must be an integral 
homology 4— sphere whose fundamental group has no non-trivial finite quotient. 
Therefore, we can conclude that the equality cannot occur in ([7]). Hence we have 
the following strict inequality which holds for any Riemannian metric g on M: 



4^^(2|<l^ + i)^%>K2xW + 3rW). (8) 



Now, suppose that there is a quasi- non-singular solution {g(t)} to the normalized 
Ricci flow on M. Then, we have the following Gauss-Bonnet like formula: 



2xiM) + MM) = ^ /^/2|I^+,P + %1 - (9) 

On the other hand, notice that Proposition[3] tells us that the quasi-non-singular 
solution {g{t)} must satisfy (|31). By the formula ^ and (|3|), we have the fol- 
lowing 

2x(M) + 3r(M) = f ^ (2x(Af ) + 3r(A/)) 

m+1 r , <i2 I ° 12, 

2|%(t)l +^71 5 ]d[ig(t)dt 



> Hminf 1 r^'f /o,w+ ,2 , ^;(. 



47r2./„, ./mV ' 24 2 



rn- — ^00 47r^ 

1 

4^ 



— liminf it 



m ^00 
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This and the bound ([5]) imply that 



7+ |2 I g(t) 



2x(M) + 3r(Af) > liminf — / / ( 2| ^ |^ + ^ ) dM,(,)dt 

J m 

rrn+l 



2 \ 
> hminf-/ 2x(X) + 3r(X) 

m >oo 3J „ V / 



Since we have 2x(M) + 3t{M) = 2x(X) + 3t{X) - Abi{N) - 6-(7V), we get 

2x(X) + 3r(X)- (46i(iV) + 6-(7V)) > ^ (2x(X) + 3t(X)) . 
Namely, 

12bi{N) + 3b2{N) < 2x{X) + 3t{X). 

By contraposition, we are able to obtain the desired result. □ 

As a corollary of Theorem 01 we get 

Corollary 5. Let X be a closed symplectic A— manifold with b'^{X) > 2. Let Yd 
be any rational homology 4:— sphere with ■n{Yd) = TLd arid consider the following 
connected sum: 



M:=X#Yd#kCP^, 

1. Suppose that 2x(^) + 3t(X) < 0. For any k > 0, there is no quasi-non- 
singular solution to the normalized Ricci flow on M satisfying In particular, 
there is no non-singular solution. 

2. Suppose that 2x{X) + 3t{X) > 0. // 

fc> i(2x(X) + 3T(X) 

then, there are no quasi-non-singular solutions to the normalized Ricci flow on 
M . In particular, there is no non-singular solution. 

Notice that Ue [29] constructs, for any d > 1, a spin rational homology 
4— sphere with TT{Yd) = '^d whose universal cover is ff{d — 1)5^ x 5^. We use 
Corollary [5] to prove Theorems 1X1 and [Bl in Section d] below. 

In the case when the manifolds decompose as connected sum of manifolds 
with 6+ > 0, the first author has a different type of obstructions 

Theorems (jl4|). Fori — 1,2,3,4, let Xi be a closed almost- complex A— manifold 
whose integer valued Seiberg- Witten invariant satisfies SWxi {^Xi ) = 1 (mod 
2), where is the spin"^ -structure compatible with the almost- complex struc- 
ture. Assume that the following conditions are satisfied: 
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• bi{X^) = 0, b+{X,) = 3 (mod 4), ^ b+{X.,) = 4 (mod 8), 



• ELi {'2X{X^) + MX^)) > 0, where j = 2, 3, 4. 



Let N be a closed oriented smooth A—manifold with 6+(iV) = 0. Then, for 
j = 2, 3, 4, there is no quasi-non-singular solution to the normalized Ricci flow 

on the connected sum M := I ff^l^iXi J if the following holds: 



In particular, under this condition, there does not exist a non-singular solution 
to the normalized Ricci flow on M. 

3 Complex surfaces of general type with finite 
cyclic fundamental group 

We begin this section with a short discussion on the homeomorphism criteria 
for non-simply connected manifolds. A remarkable result of Freedman [lOj in 
conjunction with results of Donaldson tells us that smooth, compact, simply 
connected, oriented 4-manifolds are classified by their numerical invariants: Eu- 
ler characteristic x, signature t and Stiefel- Whitney class W2- Maybe not as 
well-known are the results involving the classification of non-simply connected 
4-manifolds ( 12 , Theorem C): 

Theorem 7 ([12J). Let M be a smooth, closed, oriented, A-manifold with finite 
cyclic fundamental group. Then M is classified up to homeomorphism by the 
fundamental group, the intersection form on H2{M,'L) /Tors and the W2-type. 
Moreover, any isometry of the intersection form can be realized by a homeomor- 
phism. 

In contrast with the simply^onnected manifolds, there are three i«2,- types 
that can be exhibited: (I) W2{M) ^ 0, (II) W2{M) = 0, and (III) W2{M) = 0, 
but W2{M) 7^ 0, where M is the universal cover of M. 

Using Donaldson's and Minkowski-Hasse's classification of the intersection 
form we can reformulate this theorem on an easier form: 

Equivalently: A smooth, closed, oriented 4-manifold with finite cyclic fun- 
damental group and indefinite intersection form is classified up to homeomor- 
phism by the fundamental group, the numbers 6^, the parity of the intersection 
form and the u;2-type. 

Although not any group can be exhibited as the fundamental group of a 
complex surface, in the case of finite cyclic groups there are constructions which 
yield such complex manifolds. Starting from iterated cyclic covers of CP^ x CP^ 




i=l 
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the second author [25] introduced a method of constructing such manifolds for 
which the properties are well understood: 

Proposition 8 ([26J). Given any integer d > 2, there are infinitely many com- 
plex surfaces of general type, {Xi}i^fi, with ample canonical line bundle, such 
that their fundamental groups 7ri{Xi) = Z^, they have W2 — type I, odd intersec- 
tion form and satisfy c1{Xi) < 5xhiXi). Moreover, the universal cover of Xi, 
Xi, is not diffeomorphic to connected sums of CF'^ 's and CP^ 's, but after taking 
the connected sum with one copy o/CP^ the manifold Xi^CP'^ is diffeomorphic 
to riCP^#mCP^ for appropriate n, m. 

We call the manifolds satisfying the above diffeomorphism conditions almost 
completely decomposable. We use Xh to denote the Todd genus or the holomor- 
phic Euler characteristic. This is a topological invariant and it can be computed 
in terms of the other topological invariants as x^, = |: (x + t) . As the topological 
invariants of the manifolds constructed increase rapidly, we assume that Xi are 
ordered such that XhiXi) is an increasing sequence. 

The ampleness of the canonical line bundle is necessary for the first Chern 
class to be definite ci{Xi) < 0. In this situation, a result of Cao [6] proves 
the existence of non-singular solutions to the normalized Ricci flow. We recall 
the following version of Cao's result which appears in [5]. 

Theorem 9 ([5l[6]). Let M be a compact Kdhler manifold with definite first 
Chern class ci(M). If ci{M) = 0, then for any initial Kdhler metric go, the 
solution to the normalized Ricci flow exists for all time and converges to a 
Ricci-flat metric as t ^ oo. If ci{M) < and the initial metric go is chosen to 
represent the opposite of the first Chern class, then the solution to the normalized 
Ricci flow exists for all time and converges to an Einstein metric of negative 
scalar curvature as t co. If ci(M) > and the initial metric go is chosen to 
represent the first Chern class, then the solution to the normalized Ricci flow 
exists for all time. 

Notice that, in case where ci(M) = or ci{M) < 0, the solution is actually 
non-singular in the sense of Definition [TJ See also [6j . 



4 Proofs of Theorems A and B 



To be able to give the proofs of the main theorems we need one more ingredient, 
which is the abundance of symplectic 4— manifolds with nice given properties. 
A suitable construction due to Braungardt and Kotschick [4j exhibits such man- 
ifolds: 

Proposition 10 ( 4 ). For every e > 0, there is a constant c(e) > such that 
every integer lattice point (x, y) in the first quadrant satisfying 

y < (9 - e)a; - c(e) 
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is realized by the Chern invariants {xh,c\) of infinitely many, pairwise non- 
difjeomorphic, simply connected, minimal, symplectic manifolds, all of which 
are almost completely decomposable. 

The smooth structures constructed in the above proposition are distinguished 
by the Seiberg-Witten basic classes. We are now ready to give the proofs of the 
main theorems: 

Proof of Theorem\^ Let c? > 2 be an arbitrary integer. Proposition [5] pro- 
vides us with an infinite family of manifolds {Xi\ with fundamental group 
'Ki{Xi) = Zrf, all of which admit non-singular solutions to the normalized Ricci 
flow by Theorem [S) Moreover, as they are complex surfaces of general type, 
their Yamabe invariant y{Xi) < 0, by a result of LeBrun [19 . 

By PropositionfTOl there exists an integer tiq > such that any integer lattice 
point {x,y) in the first quadrant, satisfying x > no,y < 8.5x is represented by 
infinitely many minimal symplectic manifolds with the required properties. As 
the numerical invariants of the sequence {Xi} are increasing, we can assume 
that all these manifolds satisfy XhiXi) > uq. Hence, for any Xi = XhiXi), 
Proposition [10] tells us that there exist infinitely many homeomorphic, non- 
diffeomorphic minimal symplectic manifolds Z'^ j such that Xh{Z[ j) = Xh{Xi) 
and ^Xi > cl{Zl j) > 8xi. Let 

Z,,, = Zl^WdifhCF^, where h = cfiZl^) - c?(X,), 

and where is a rational homology sphere with '!ri{Y(i) = TL^. Hence the topo- 
logical invariants of Zi_j are 7ri(Zij-) — 'n\{Yd) = lid = ''^i{Xi),c\{Zi_j) = 
c\(Xi),Xh{Zij) = Xh{Xi). As Zi^j is of W2— type /, Theorem [7] teUs us that 
Xi and Zij are all homeomorphic. The manifolds Zij are non-diffeomorphic 
as their Seiberg-Witten basic classes [18] remain distinct after taking the con- 
nected sum with CP^ and Yd ■ None of them is diffeomorphic to Xi as none of 
them has no non-singular solutions to the normalized Ricci fiow, as we see next. 
The number of CP^'s, fc^, can be estimated to be 

h = cliZl^) - cl{X,) > 8x, - 5x, = 3a;, > 3 • ic?(Z;^^.) = i(2x + 3r)(Z^) 

Hence, by Corollary jS] there are no non-singular solutions to the normalized 
Ricci flow on any of the Zij. The manifolds Zi^ are not symplectic manifolds, 
but nevertheless they have non-trivial Seiberg-Witten invariant 18 , so they 
must have y{Zi^j) < (cf. [19l[14j). 

The universal cover of Zi^j is diffeomorphic to the connected sum 

dZlj#dk,CF^#{d -1){S^ xS^)^ dZlj#{d - l)Cp2#(d - 1 + dki)CF^. 

But Z'j^ j has the property that after taking the connected sum with one CP^, it 

decomposes as connected sums of CP^'s and CP^'s. Hence the universal cover 
of Zij is diffeomorphic to nCP^#mCP^ for appropriate n and m. The universal 
cover of Xi is a complex manifold of general type, and it is not going to be 
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diffeomorphic to connected sums of CP^'s and CP^'s. But after taking the 
connected sum with one CP^ it is going to decompose, by the construction in 
Proposition [HI □ 

The ideas used in the above proof can be employed to give us results on 
equivariant solutions of the normalized Ricci flow on manifolds of the form 
aCP^#&CP^ with the canonical smooth structure. They complement the results 
of the first author [14 on exotic smooth structures. 

Proof of Theorem\^ Let (5 > be a small positive number and let e = |(5. 
Proposition [10] tells us that for this e there exists an c(e) such that to any 
integer lattice point (x, y) satisfying: 

< y < (9 - e)a; - c(e) (10) 

we can associate infinitely many homeomorphic, non-diffeomorphic, simply- 
connected, almost completely decomposable, minimal symplectic manifolds which 
have topological invariants (x?i,cf) = {x,y). 
Let C{5) = f (c(e) + 1). 

Let n, m be positive integer numbers such that d/n,d/m and 



n < {6-6)m- 0(6) 



Or equivalently: 



d < (^-^^7"^ 

3n ,„ 3 ^, TO 3C((5) 

— < (9 0) — - 

2d ^ 2 ' d 2d 

3n ,„ , TO , , 

Yd < 

in ^ _ , TO , , 
Yd^' < 

Then + 1 and ^ satisfy the condition (fTO|) . hence there are infinitely 
many symplectic manifolds Mi such that Ci(Mj) = [|^] + 1 and ^i^(Mi) — ^. 
Moreover the manifolds Mi are homeomorphic, non-diffeomorphic, almost com- 
pletely decomposable manifolds. The differential structures are distinguished 
by the Seiberg-Witten basic classes. 

Let: 

,3n, n , n , 1 



X, = M,Wd#kCP\ with fc = [— ] + 1 - - = [— ] + 1 > -cjiM,) 

Then = ^ and (2x + 3t)(X,) = f . The manifolds X, remain home- 

omorphic to each other, and using the formula for the Seiberg-Witten ba- 
sic classes of the connected sum [18] we can immediately see that any two 
manifolds are not diffeomorphic. Their universal cover Xi is diffeomorphic to 
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dMi=l^dkCF'^^{d— 1){S^ x S"^) and as Mi are almost completely decomposable, 
this implies that aU 'X, are difFeomorphic to X = (2m-l)CP2#(10m-n-l)CP2, 
i.e. ^(X)=m,(2x + 3r)(X) = n. 

We can use Corollary [5] to conclude that the manifolds Xi don't admit non- 
singular solutions of the normalized Ricci flow. This immediately implies the 
non-existence of the invariant solutions of the normalized Ricci flow for any 
of the infinitely many group jictions, corresponding to the fundamental group 
action on the universal covers Xi = X. □ 

For simplicity, we state the theorem for finite cyclic groups, but the results 
are also true for any finite groups acting freely on the 3— dimensional sphere, or 
for direct sums of the above groups. Of course the divisibility condition needs 
to be changed according to the order of the given group. 

Unfortunately, requiring that a metric g is Z^— invariant is a strong condi- 
tion. 

Proposition 11. Let G he one of the above 'Ld actions on Xn_m = (2™ — 
l)CP^77^(10m — n — 1)CP^ and let g be a G— invariant metric. Then Y[g] < 0. 

Proof. Let G and g as in the statement of the proposition. Let 

'■ Xn.m > X := Xn.m/G 

be the natural projection, where X is the smooth 4— manifold obtained by taking 
the quotient of Xn^m under the free action of G. As g is G— invariant, we have 
an induced metric g = TT^,g on X. But X is one of the manifolds Xj constructed 
in the previous proof, hence it has non-trivial Seiberg-Witten invariant. This 
implies [12] that y{X) < and of course Y[g] < 0. The solution of the Yamabe 
problem tells us that there exists a metric g' G [g] with negative constant scalar 
curvature Sg' = ct < 0. 

Then 7r*(g') is a metric of negative constant scalar curvature on Xn^m in the 
conformal class of g. So we can conclude that Y[^*gi] ~ Yj^j < 0. □ 

We would like to remark that the constant c(e) is a large positive number 
and increases rapidly. As far as the authors know, one of the examples with the 
smallest topology for which the methods in the above theorem can be used is 
the following: 

Corollary 12. On 15CP^#77CP^, there exists an involution a, acting freely, 
such that 15CP2#77CP2 does not admit a a—equivariant non-singular solution 
of the normalized Ricci flow. 

Proof. Let N be the double cover of CP^ branched along a smooth divisor 
Z), such that 0{D) = C'cp2(8). Then [26], is a simply connected, almost 
completely decomposable, surface of general type and its numerical invariants 
are: 

C2{N) = 46, cl{N) = 2, ( t{N) = -30, 6+ = 7 and 6" = 37). 
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By Corollary [51 the manifold M = N^CP'^^Y2 does not admit non-singular 
solutions_to the normalized Ricci flow. 

Let M be the universal cover of M. Then we have the following diffeomor- 
phisms: 

M ^ 2iV#2CP2#(S'2 X S^) ^ 27V#CP2#3CP2 9^ 15CP^#77CP2. 

As M does not admit any non-singular solutions to the normalized Ricci 
flow, this implies that the same is true for cr— equivariant solutions on M. □ 

5 Related results 

As there are no homeomorphism criteria for an arbitrary fundamental group, 
we can not generalized Theorem |^ to other fundamental groups. But we can 
prove non-existence theorems for a large class of fundamental groups. 

Theorem C. Let G be any finitely presented group. For any S > small 
there exists a constant c'{S) > such that for any integer lattice point {n,m) 
in the first quadrant and satisfying n < (6 — S)m — c'{d) there exist infinitely 
many symplectic non-spin manifolds £ N which have the following proper- 
ties: the fundamental group Tri(Zi) — G,c\(Zi) — n,Xh{Zi) — m; all of Zi are 
homeomorphic, but no two are dijfeomorphic; all of them have negative Yamabe 
invariant and satisfy the strict generalized Hitchin- Thorpe Inequality, but none 
of them admits non-singular solutions to the normalized Ricci flow. 

Proof. The proof is again based on the obstruction given in Corollary O For 
constructing our examples we employ Gompf 's techniques [TT] and use symplec- 
tic connected sum along symplectic sub-manifolds with trivial normal bundle. 
We need some standard blocks of symplectic manifolds. 

The first block we denote by Xq and it is the spin symplectic 4— manifolds 
constructed by Gompf (see [TT] Theorem 6.2.). Xg has fundamental group 
G, cI{Xg) — and contains, as a symplectic submanifold, a 2— torus of self- 
intersection 0. 

The second block, denoted by E{n), is the family of simply connected proper 
elliptic complex surfaces, with no multiple fibers and Euler characteristic C2{E{n)) = 
12n. A generic fiber is a symplectic torus of self-intersection and it is a known 
fact that its complement is simply connected. 

The third block is one of the symplectic manifolds constructed by Braun- 
gardt and Kotschick, which has Xh{X) — m. These manifolds are obtained as 
symplectic sums of simple symplectic manifolds along Riemann surfaces with 
trivial normal bundles. For example, one of of these manifolds, 6*1,1 (example 
2 in [4]), has such a symplectic sub-manifold of genus 2. Hence the manifold X 
has a sympletic sub-manifold which is a Riemann surface of genus 2 and has 
trivial canonical line bundle, which we denote by R. 

The fourth block has a linking role. It is £'(4) with a special symplectic 
structure. This manifold has an important feature [11|, proof of Theorem 6.2]: 
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it contains a torus and a genus 2 Riemann surface as disjoint symplectic sub- 
manifolds. We denote them by T and F respectively. Both T and F have 
self-intersection zero and their complement E{4) \{F\JT) is simply connected. 
We are now ready to construct our symplectic manifolds. Let: 

N^Xg EiA) #s, X #s, £^(4) #t2 E{2), 
Z = iV#pC]P2, 

where ^I^t^ 's are the symplectic sums along tori of self-intersection zero and 
T^Ej's are fiber sums along Riemann surfaces of genus 2, represented by -F C 
£'(4) and a copy of R C X. The last operation is simply a connected sum where 
p=[i(c2(iV) + 2)] >0. 

Gompf showed [llj that the numerical invariants of a manifold obtained from 
symplectic sumation along a Riemann surface S can be computed as 

c2(M#sM') = cliM) + cl(M') - 4x(S) 

XhiMO^^M') = Xh{M) + Xh{M') - ix(S). 

Hence the numerical invariants of N are c\{N) = 16-1- c\{X), Xh{N) = 12-1- 
XhiXG)+Xh{X). 

The fundamental group of Z can be easily computed by Seifert-Van Kampen 
Theorem to be G. 

To obtain distinct differential structures on Z, we take logarithmic trans- 
formations of different multiplicities of the same parity along a generic fiber of 
E{2). Then by the gluing formula for the Seiberg-Witten invariants [21] (Cor 
15,20) the manifolds have different Seiberg-Witten invariants. Hence we have 
constructed infinitely many non-diffcomorphic manifolds. We denote them by 

These manifolds are all homeomorphic. To show this, we can first do the 
logarithmic transformations on £(2), this yields homeomorphic manifolds. By 
taking the fiber sum along a generic fiber with the remaining terms we obtain 
homeomorphic manifolds. 

Corollary [5] implies that there are no non-singular solutions of the normalized 
Ricci flow on any Zi. 

The last thing that we need to verify is to find the possible pairs {cl{Z),Xh{Z)) 
in the integer lattice. We have that 

cliZ) = cjiN) - p = cl{X) + 16 - [l{cliX) + 18)] = cliX) + 10 - [i(c?(X)] 
But the manifold X is obtained by the construction in Proposition [10] so 



15 



cl{Z) < ^c?(X) + l + 10 

<l{{9-e)xh{X)-c{e)) + n 

= (6 - le){xh{N) - XhiXo) - 12) - ^c(e) + 11 

= {6-^e)xh{Z)-c'{^e) 

where c'(f e) = |c(e) + (6 - |e)(xft(XG) + 12) - 11. 

As the manifolds X constructed in Proposition [TU] fill in the region < 
n < (9 — e)m — c(e), we can find a corresponding region for the the topological 
invariants of Z. Hence for any (5 = |e > there exists a constant c'{5) = 
|c(|(5) + (6 — 8){xh[Xc) + 12) — 11 such that any positive integer lattice point 
{n,m) in the region n < (6 — 6)m — c'((5) is obtained as (cKZ), Xh{Z)) of a 
manifold Z as above. □ 

For spin manifolds the obstructions a little bit more restrictive, but we have 
a similar statement: 

Theorem D. For any finite group G, there is an infinite family of spin A— manifolds 
Xi with fundamental group T:i{Xi) ~ G such that each manifold has infinitely 
many, distinct smooth structures for which the Yamahe invariant is negative 
and there is no non-singular solution to the normalized Ricci flow. All these 
manifolds satisfy the strict generalized Hitchin- Thorpe Inequality. 

Proof. The manifolds Mi are constructed as connected sums and fiber sums of 
different blocks. 

For the first block we start with Xq, the spin symplectic 4— manifolds con- 
structed by Gompf. Taking the symplectic connected sum with the elliptic 
surface E{2n) along arbitrary fibers {{pt} x = Fo C E{2n)) we obtain a new 
symplectic, spin manifold which we denote by Nain). As the complement of 
the generic fiber Fq C E{2n) is simply connected, the manifold Nc{n) satisfies 
the following: 7ri(A^G'("-)) = G, and its topological invariants can be computed 
to be cliNain)) = 0, C2(A^g(«)) 24fc + 24n. Since G is finite, biiNain)) = 0, 
and &+(A^g("-)) = 4(fc + n) - 1 = 3 mod 4. 

The second block is obtained from E{2) by performing a logarithmic trans- 
formation of order 2n -|- 1 on one non-singular elliptic fiber. We denote the new 
manifolds by T„. All T„ are simply connected spin manifolds with 6"*" = 3 and 

= 19, hence they are all homeomorphic. Moreover, T„ are Kahler manifolds 
and ci(T„) = 2nf, where / is the multiple fiber introduced by the logarithmic 
transformation. Hence ±2n/ is a basic class, and its Seiberg-Witten invariant 
is ±1. 

The third block is a "small" spin manifold Xo that was used by Gompf [11] 
in the proof of Theorem 6.2 (see also the explicit construction in the proof of 
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Theorem 1.6 in Its invariants are C2{Xo) = 152, t{Xq) = -96, cI{Xq) = 

16, and b+ = 27 (ee 3 mod 4). 

We may now define our manifolds: 

M,,, - # Noil) # Tj. 

For fixed i, the manifolds Mij are all homeomorphic as we take connected 
sums of homeomorphic manifolds. We denote this homeomorphism type by Mi. 

If we consider the basic classes of the Bauer- Furuta invariant, then both a = 
Ci{XQ)+ci{NG{i)) + Ci{Tj) and 6 = ci{XQ) + ci{NG{i)) — Ci{Tj) are basic classes, 
and then Aj \ (a — 6) . But any manifold has a finite number of basic classes which 
are a diffeomorphism invariant. As we let j take infinitely many values, this will 
imply that Mij represent infinitely many types of diffeomorphism classes. 

By Theorem [6] these manifolds do not have non-singular solutions of the 
normalized Ricci flow, but they satisfy the strict generalized Hitchin-Thorpe 
Inequality. □ 

Theorem E. There exists an no > such that for any d > uq the following 
A— manifolds: 

1. Xi,„ = d{n + 5)K3#{d{n + 7) - 1){S^ x S'^), 

2. X2^n = d{2n + b)Ki#{d{2n + 6) - 1){S^ x S^). 

where n is a positive integer, admit infinitely many non-eguivalent free lid- 
actions, such that there is no Zd — equivariant non-singular solution to the nor- 
malized Ricci flow on Xi_m X2^n for any of the Id actions. 

Proof. We begin by constructing a simply connected, spin manifolds with small 
topological invariants and 6+ = 3 mod 4. One such manifold is given by a smooth 
hypersurface of tridegree (4,4,2) in CP"^ x CP^ x CP"^, which we denote by X. 
Its numerical invariants can be easily computed to be cf(X) — 16, C2{X) = 
104, b^{X) = 19 and it is simply connected. Then by Freedman's Theorem, 
X is homeomorphic to 4i4:3#7(5'2 x 5^). A resuh of Wall §U\ tells us that 
there exists an integer no such that X#no(5^ x S^) becomes diffeomorphic to 
4i^3#7(S'2 X 5'2)#no(S'2 x S"^). 

Assuming the notation from the previous theorem, let: 

Ml„ = XifT,ifE{2n)i^Yd 

M(„ = X#i?(2)#T,#£;(2(2n - l))Wd 

By Theorem ini the above manifolds do not admit an Einstein metric. 

The manifolds {M( „ | j G N} are all homeomorphic. However, as argued 
in the proof of the previous theorem they represent infinitely many differential 

structures. Moreover, if we consider the universal cover, „: it is diffeomorphic 
to dX#dTj4dE{2n)4{d~l){S^ x S^). But Mandelbaum [IHI proved that both 
Tj and E{2n) completely decompose as connected sums of KZ's and S"^ x S'^'s 
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after taking the connected sum with one copy of S'^ x S"^. Hence, for d > uq, the 
manifold Afj'^ is diffcomorphic to di4:K3#7{S^ x S^))#d{K3)#d{nK3#{n - 
l){S^xS^))#{d-l){S^xS^) i.e. to d{n+5)K3#id{n+7)-l){S^ x S^) ^ Xi^^- 
Notice that the diffeomorphism type of the universal cover does not depend 
on j. Hence on we have constructed infinitely many non-equivalent, free 
actions of Z^, such that there is no non-singular Z^i—equi variant solution of the 
normalized Ricci flow. But all Mi „ satisfy the strict generalized Hitchin-Thorpe 
Inequality. 

Redoing the same arguments for the second example M| „ , gives us the 
results for the second family of manifolds. □ 

Remark The obstruction and the results in this paper are on manifolds with 
6+ > 2. A generalization of this obstructions for 6+ = 1 will be the subject of 
a new paper [15j . which is currently in preparation. □ 
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